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Observational constraints on the curvaton model of inflation
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2CITA, 60 St. George St, Toronto M5S 3H8, ON, Canada.
Simple curvaton models can generate a mixture of of correlated primordial adiabatic and isocur-
vature perturbations. The baryon and cold dark matter isocurvature modes differ only by an obser-
vationally null mode in which the two perturbations almost exactly compensate, and therefore have
proportional effects at linear order. We discuss the CMB anisotropy in general mixed models, and
give a simple approximate analytic result for the large scale CMB anisotropy. Working numerically
we use the latest WMAP observations and a variety of other data to constrain the curvaton model.
We find that models with an isocurvature contribution are not favored relative to simple purely
adiabatic models. However a significant primordial totally correlated baryon isocurvature perturba-
tion is not ruled out. Certain classes of curvaton model are thereby ruled out, other classes predict
enough non-Gaussianity to be detectable by the Planck satellite. In the appendices we review the
relevant equations in the covariant formulation and give series solutions for the radiation dominated
era.
I. INTRODUCTION
Recent detailed measurements of the acoustic peaks in
CMB anisotropy power spectrum by the WMAP satel-
lite [1, 2] are consistent with the standard model of a
predominantly adiabatic, approximately scale invariant
primordial power spectrum in a spatially flat Universe.
Frequently it is assumed the initial power spectrum is en-
tirely adiabatic, though there is still no compelling jus-
tification for this assumption. Although adiabatic per-
turbations are predicted from single field models of in-
flation [3], if one allows the possibility of multiple fields
in the early Universe then there is also the possibility of
isocurvature perturbations (also known as entropy per-
turbations) [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16].
In particular, the recently proposed curvaton model uses
a second scalar field (the ‘curvaton’) to form the pertur-
bations [17, 18, 19, 20, 21, 22]. The motivation for this
is it makes it easier for otherwise satisfactory particle
physics models of inflation to produce the correct primor-
dial spectrum of perturbations [23]. Various candidates
for the curvaton have been proposed [24, 25, 26, 27, 28].
A curvaton mechanism has also been considered in the
pre big bang scenario [29, 30, 31, 32, 33] where it can be
used to produce an almost scale invariant spectrum.
The curvaton scenario also has the feature of being able
to generate isocurvature perturbations of a similar mag-
nitude to the adiabatic perturbation without fine tuning,
and therefore is open to observational test.
Early studies of non-adiabatic perturbations, either
considered purely isocurvature cold dark matter pertur-
bations [34] or mixtures of adiabatic and uncorrelated
cold dark matter isocurvature perturbations [35, 36, 37,
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38]. However, as first realized by Langlois [9], the adi-
abatic and isocurvature components can be correlated
and this correlation may have interesting observational
consequences [39]. In Ref. [40] they identified four regu-
lar isocurvature modes, which in general can have arbi-
trary correlations with each other and with the adiabatic
mode. Such general models have many degeneracies and
are badly constrained by pre-WMAP data [41, 42]. De-
tailed CMB polarization data is expected to help with
this [43]. In Ref. [2] (following Ref. [44] with pre-WMAP
data) they considered a CDM isocurvature mode with
an arbitrary correlation to an adiabatic mode and found
that though not favored by the data, a significant isocur-
vature contribution was still permitted. Constraints on a
specific model that doesn’t produce isocurvature modes
were given in Ref. [45].
Here we start in Section II by making some general re-
marks about mixed isocurvature models, and discuss the
corresponding CMB power spectra predictions. Then in
Section III we discuss current observational constraints
on totally correlated (or anti-correlated) adiabatic and
isocurvature perturbations, as predicted by the curva-
ton model. Various scenarios within the curvaton model
predict specific ratios of adiabatic and isocurvature per-
turbations, and can be tested directly. In general we find
constraints on when the curvaton decayed.
We use the CMB temperature and temperature-
polarization cross-correlation anisotropy power spectra
from the WMAP1 [1, 46, 47] observations, as well as
seven almost independent temperature band powers from
ACBAR2 [48] on smaller scales. In addition we use
data from the 2dF galaxy redshift survey [49], HST Key
Project [50], and nucleosynthesis [51] using a slightly
1 http://lambda.gsfc.nasa.gov/
2 http://cosmologist.info/ACBAR
2modified version of the CosmoMC3 Markov-Chain Monte
Carlo program, as described in Ref. [52].
For simplicity we assume a flat universe with a cos-
mological constant, uninteracting cold dark matter, and
massless neutrinos evolving according to general relativ-
ity.
II. PRIMORDIAL PERTURBATIONS AND THE
CMB ANISOTROPY
It is well known that the curvature perturbation, in
the constant density or comoving frame (gauge4) is con-
served on super-Hubble scales for adiabatic perturbations
[53, 54, 55, 56, 57]. This is not the case in the presence of
isocurvature modes since these source changes to the cur-
vature perturbation. However, as shown in Ref. [58] (and
reviewed in Appendix A), in the presence of isocurvature
modes the large scale evolution can still be analysed eas-
ily using the curvature perturbation in the frame in which
the density is unperturbed, ζ. This can be expressed in
terms of the curvature perturbations in the frames in
which individual species are unperturbed ζi using
ζ =
∑
i ρ
′
iζi∑
i ρ
′
i
, (1)
where the dash denotes the derivative with respect to
conformal time. For non-interacting conserved particle
species the individual ζi are conserved on large scales
if there is a definite equation of state pi = pi(ρi). In
this case the evolution of ζ follows straightforwardly from
Eq. (1) depending on the evolution of the background en-
ergy densities. An adiabatic perturbation is one in which
ζi = ζ for all i, in which case ζ is constant in time on
large scales. The isocurvature perturbations are defined
as [59]
Si,j ≡ 3(ζi − ζj) = −3H
(
δρi
ρ′i
−
δρj
ρ′j
)
(2)
where δρi = ρi∆i (no sum) is the density perturbation
in any frame and H is the conformal Hubble rate. We
consider a fluid consisting of photons (γ), massless neu-
trinos (ν), cold baryons (b) and cold dark matter (CDM,
c), where it is conventional to describe the perturbations
with j = γ, in which case the second index can be omit-
ted so Sb ≡ Sb,γ , etc. The isocurvature perturbations
are conserved on large scales where the photon-baryon
coupling is unimportant. The ζi are related to the frac-
tional density perturbations in the unperturbed curva-
ture frame by ∆ˆi = 3(1 + pi/ρi)ζi, and for matter with
3 http://cosmologist.info/cosmomc
4 In the context of this article the term frame and gauge are effec-
tively interchangeable. See Appendix A for further discussion.
constant equation of state ∆ˆi are also conserved on large
scales.
In general isocurvature perturbations give rise to per-
turbations in the density, and the universe is no longer
exactly FRW. One exception to this is when the two mat-
ter perturbations exactly compensate, so δρc = −δρb, in
which case the total matter density is unperturbed, and
hence the universe evolves as though there were no per-
turbations. In such a universe the CMB anisotropy would
be dominated by tiny small scale linear effects due to non-
zero pressure of the baryons or dark mater, and second
order effects due to the perturbation in the electron num-
ber density associated with the baryons. At linear order
δρc = −δρb, ζ = δργ = δρν = 0 is a time independent
solution to the pressureless perturbation equations, and
adding this solution to any other solution will make no
difference to the linear CMB anisotropy or matter power
spectrum. It follows that an initial isocurvature pertur-
bation with Sb = 1,Sc = 0 is observationally essentially
indistinguishable from one with Sb = 0,Sc = ρb/ρc.
We now derive an approximate analytic form for the
large scale CMB temperature anisotropy in the presence
of primordial isocurvature and adiabatic perturbations.
Neglecting a local monopole and dipole contribution, tak-
ing recombination to be instantaneous at at conformal
time τ∗, and assuming the reionization optical depth
is negligible, the monopole and Integrated Sachs Wolfe
(ISW) contributions to the temperature anisotropies due
to scalar perturbations are given by
δT
T
≈
[
1
4
∆ˆγ + 2φ
]
τ∗
+ 2
∫ τ0
τ∗
φ′ dλ, (3)
where φ is the Weyl potential (see Appendix A) and τ0
is the conformal time today and the integral is along the
comoving photon line of site. Additional terms which
arise due to the velocities, quadrupoles and polarization
at last scattering are generally sub-dominant on large
scales. Since the pressures are assumed to be zero the
perturbations are purely adiabatic in the matter era, and
hence ζ is constant on large scales. During matter domi-
nation the potential evolves as φ = C1 +C2/τ
5, and can
be related to ζ using Eq. (A6) when the anisotropic stress
is negligible
φ = −
3
5
ζ +
C2
τ5
. (4)
Since the radiation to matter density ratio only falls off
as ∼ 1/τ2 when the matter dominates, when the approx-
imation of matter domination is accurate it should also
be valid to neglect the decaying mode ∝ 1/τ5 and as-
sume φ ≈ − 35ζ. Using ∆ˆγ = 4ζγ , and neglecting the
ISW contribution Eq. (3) then becomes
δT
T
≈ ζγ −
6
5
ζ (5)
where from Eq. (1) in matter domination
ζ ≈ Rbζb +Rcζc. (6)
3Here we define the matter fractions Rb ≡ ρb/ρm, Rc ≡
ρc/ρm, where ρm = ρc + ρb.
During early radiation domination ζrad ≈ Rγζγ+Rνζν
from Eq. (1), where we define the radiation density frac-
tions Rν ≡ ρν/(ργ + ρν), Rγ ≡ ργ/(ργ + ρν). Using
Eqs. (2) and (5) and the constancy of the large scale
ζi we can therefore relate the large scale temperature
anisotropy to the primordial adiabatic and isocurvature
perturbations
δT
T
≈ −
1
5
ζrad −
2
5
(RcSc + RbSb) +
1
15
RνSν . (7)
We can take ζrad as a measure of the primordial adia-
batic perturbation. So this formula shows the effect of a
mixture of adiabatic and isocurvature perturbations on
the observed large scale CMB temperature anisotropy.
This result agrees with that in [39], despite errors in their
derivation which arise from an invalid ansatz for the time
evolution of the velocities and anisotropic stress (demon-
strated by counterexample in Appendix B). However in
matter domination the velocities are negligible so the er-
ror is harmless, and for the adiabatic and neutrino modes
the assumption is correct to the required order during ra-
diation domination. However unfortunately their general
result for the evolution of the potential is incorrect and
cannot be used to improve on the above much simpler
argument.
This analytic argument shows the main qualitative
features, though in reality recombination is far from
being completely matter dominated, and the ISW and
other contributions will not be negligible. It is however
straightforward to compute the CMB and matter power
spectra numerically [60, 61] starting from a series solu-
tion in the early radiation dominated era (Appendix B).
III. CONSTRAINING THE CURVATON MODEL
The curvaton scenario provides a mechanism for allow-
ing the inflation potential to have more natural proper-
ties, at the expense of introducing an additional unidenti-
fied scalar field which generates the perturbations. In the
curvaton model the inflaton field drives the initial expan-
sion and generates an era of radiation domination after it
decays. The expansion rate then slows and the curvaton
field can reach the minimum of its potential and start to
oscillate. During oscillation the curvaton field acts effec-
tively like a matter component, and its perturbation acts
like a matter isocurvature mode. As the radiation red-
shifts further the equation of state then changes to matter
domination as the curvaton density comes to dominate.
As the background equation of state changes, a curvature
perturbation is generated from the isocurvature mode.
The curvaton then decays into (predominantly) radia-
tion well before nucleosynthesis, and we enter the usual
primordial radiation dominated epoch.
Primordial correlated isocurvature modes can be gen-
erated if the baryons or CDM are generated by, or be-
fore, the curvaton decays, as discussed in detail below.
If one or both were created before the curvaton decays,
the current model assumes that the curvaton had a neg-
ligible density when they decayed [19]. We assume that
the curvaton is the only cosmologically relevant scalar
field after inflaton decay, and that the perturbations in
the inflaton field are negligible. Generically such mod-
els predict a very small tensor mode contribution, which
we assume can be neglected. We assume there is no lep-
ton number at neutrino decoupling so that there are no
neutrino isocurvature modes, though see [19] for other
possibilities.
As discussed in Section II, the baryon and CDM isocur-
vature modes predict proportional results, so we can ac-
count for Sc by using just an effective baryon isocurvature
perturbation
S
eff
b = Sb +
Rc
Rb
Sc. (8)
The baryon and CDM isocurvature perturbations are
completely correlated (or anti-correlated) with each other
and the adiabatic perturbation, so Seffb = Bζ
rad where
B measures the isocurvature mode contribution and is
taken to be scale independent5. From Eq. (7), the large
scale CMB anisotropy variance is then given approxi-
mately by 〈
δT 2
T 2
〉
≈
1
25
(1 + 2RbB)
2
Pζ , (9)
where Pζ = P
rad
ζ is the initial power spectrum. We as-
sume Pζ is well parameterized by Pζ = As(k/k0)
ns−1
where As gives the normalization, ns is the scalar spec-
tral index and k0 is a choice of normalization point. Note
that our number of degrees of freedom is actually less
than generic inflation, because although we have intro-
duced B we now no longer have the amplitude and slope
of the tensor component to consider. The slope of the
isocurvature perturbation is predicted to be the same as
the adiabatic perturbation and the tensors are predicted
to be negligible in the curvaton scenario [19].
The isocurvature modes have little effect on small
scales, but as can be seen from Eq. (9) they can either
raise or lower the Sachs Wolfe plateau relative to the
acoustic peaks depending on the sign of B. This is in
contrast to tensor perturbations which can only raise the
Sachs Wolfe plateau relative to the acoustic peaks.
Computing the full predictions numerically and assum-
ing a flat prior on B, Fig. 1 shows the posterior dis-
tribution for the various cosmological parameters when
the possibility of a totally correlated mixture of matter
5 Our sign convention for B differs from that in Ref. [44]. In our
convention B > 0 corresponds to a positive correlation and the
modes contribute with the same sign to the large scale CMB
anisotropy.
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FIG. 1: Posterior marginalized probability distributions
(solid lines) of the cosmological parameters including corre-
lated matter isocurvature modes, using the data described in
the text. B is the ratio of the (effective) baryon isocurvature
to adiabatic perturbation amplitude in the primordial era,
Ωbh
2 and Ωch
2 are the physical matter densities in baryons
and CDM, H0 km s
−1Mpc−1 is the Hubble parameter today,
zre is the effective reionization redshift, and ns is the spectral
index. We assume a flat universe with cosmological constant.
Dotted lines show the mean likelihoods of the samples, and
agree well with the marginalized curves, indicating the full
distribution is fairly Gaussian and unskewed [62].
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FIG. 2: Posterior distribution of B = Seffb /ζ in the primordial
era, and the spectral index ns. The plot is generated from a
smoothed number density of Monte Carlo samples generated
using the data described in the text. The contours enclose
68% and 95% of the probability, and the shading is by the
mean likelihood of the samples.
isocurvature and adiabatic perturbations is allowed. The
posterior distribution of B and ns is shown in Fig. 2,
marginalized over the other parameters. On small scales
the isocurvature modes have only a small effect, so the
main observational constraint comes from the relative
amplitudes of the large and small scale power. This is
partially degenerate with the spectral index as clearly
demonstrated in the figure. The relative large scale am-
plitude is also affected by the reionization optical depth,
and although this is constrained by WMAP’s polariza-
tion measurements the experimental noise and cosmic
variance still leave a significant residual uncertainty.
We find the ratio of the mean likelihood allowing for
isocurvature modes to that for purely adiabatic mod-
els is about 0.7 (for discussion of mean likelihoods see
Ref. [52]). Thus the isocurvature modes do not improve
the already good fit to the data of the standard purely
adiabatic case. By the same token, the current data
is still consistent with a significant isocurvature contri-
bution, with the 95% marginalized confidence interval
−0.53 < B < 0.43. If new data favored B > 0 this
would be largely degenerate with a tensor contribution
predicted by standard single field inflationary scenarios,
and would be hard to distinguish without good CMB
polarization data. Evidence for B < 0 would be a smok-
ing gun for an isocurvature mode, though the large scale
polarization data has large enough cosmic variance that
to distinguish it from an adiabatic model with an unex-
pected initial power spectrum shape would be difficult.
The 95% confidence marginalized constraint on the
spectral index 0.90 < ns < 1.02 translates into a con-
straint on the potential V during inflation (in general a
function of the inflation field ψ and the curvaton field
σ) [19]
−0.1 . 2 (ησσ − ǫ) . 0.02 (10)
where
ησσ ≡
M2p
V
∂2V
∂σ2
ǫ ≡
1
2
M2p
(
1
V
∂V
∂ψ
)2
, (11)
Mp is the reduced Planck mass, and the quantities are
evaluated at horizon crossing during inflation. In stan-
dard inflationary models the potential has to satisfy
V 1/4 ∼ 0.03ǫ1/4Mp to obtain the correct fluctuation am-
plitude, which is difficult without using unnatural values
of the model parameters [23]. In the curvaton scenario
we assume the inflaton perturbations are negligible, and
hence the potential merely has to be much smaller than
this number. These conditions are therefore much easier
to satisfy with natural values for the model parameters
in the curvaton case [23]. In both cases the inflaton com-
ponent of the potential also has to provide more than
about 60 e-folds of inflation.
If the CDM is created before the curvaton decays, and
while the curvaton still has negligible energy density, its
density is essentially unperturbed. After the curvature
perturbation is generated there is therefore a relative
5isocurvature perturbation, given by [19]
Sc ≈ −3ζ. (12)
If the curvaton decays before its energy density com-
pletely dominates, a CDM isocurvature perturbation is
produced [19]
Sc ≈ 3
(
1− r
r
)
ζ, (13)
where r measures the transfer function from ζcurvaton
before curvaton decay to ζ after decay, ζ = rζcurvaton.
Ref. [19] find the approximate result r ≈ ρcurvaton/ρtotal
where ρ is the energy density at curvaton decay, to an ac-
curacy of about 10% [59]. The same formulas, Eqs. (12)
and (13), apply for the baryons with Sc replaced by Sb. If
either the CDM or the baryon number was created after
the curvaton decayed then there would be no isocurvature
perturbation in that quantity [19]. If both were created
after the curvaton decayed there would be no isocurva-
ture modes.
There is no immediately compelling particle physics
model for the curvaton scenario [25], so we consider
nine basic scenarios depending on whether the CDM and
baryons are generated before, by, or after curvaton decay:
1. If both the CDM and baryon number is created af-
ter the curvaton decay then there is no isocurvature
perturbation:
B = 0. (14)
This scenario is consistent with the data and indis-
tinguishable from an inflation model with negligible
tensor component.
2. If the CDM is created before the curvaton decays
and the baryon number after the curvaton decays
then from Eqs. (12) and (8)
B = −3
Rc
Rb
. (15)
This scenario is ruled out at high significance.
3. If the baryon number is created before the curvaton
decays and the CDM after the curvaton decays then
from Eq. (12)
B = −3. (16)
This scenario is ruled out at high significance.
4. If the CDM is created by the curvaton decay and
the baryon number after the curvaton decays then
from Eqs. (13) and (8)
B = 3
Rc
Rb
(
1− r
r
)
. (17)
Solving for r gives
r =
1
1 + (Rb/Rc)B/3
. (18)
5. If the baryon number is created by the curvaton
decay and the CDM after the curvaton decays then
from Eq. (13)
B = 3
(
1− r
r
)
. (19)
Solving for r gives
r =
1
1 +B/3
. (20)
6. If the CDM and baryons are both created before
the curvaton decays then from Eqs. (8) and (12)
B = −
3
Rb
. (21)
This scenario is ruled out at high significance.
7. If CDM and baryons were both created by the cur-
vaton then from Eqs. (8) and (13)
B =
3
Rb
1− r
r
. (22)
Solving for r gives
r =
1
1 +RbB/3
. (23)
8. If the CDM is created before the curvaton decay
and the baryons are created by the curvaton decay
then from Eqs. (8), (12) and (13)
B =
3(Rb − r)
rRb
. (24)
Solving for r gives
r =
Rb
1 +RbB/3
. (25)
9. If the CDM is created by the curvaton and the
baryons are created before the curvaton decays we
have from Eqs. (8), (12) and (13)
B =
3(Rc − r)
rRb
. (26)
Solving for r gives
r =
Rc
1 +RbB/3
. (27)
For the cases that are not immediately ruled out we ob-
tain a constraint on r. The posterior probability distri-
bution for this quantity can easily be constructed from
the Monte Carlo samples, and a plot of it is shown in
Fig. 3 for the various cases. The peaks at r = 1 are when
there are no isocurvature modes. The curves which peak
6FIG. 3: Plots of the un-normalized posterior probability dis-
tribution for r ≈ ρcurvaton/ρtotal when the curvaton decays.
The distributions are for the numbered scenarios described
in the text: (4) CDM created by curvaton decay and baryon
number after curvaton decay (green long dashes), (5) baryon
number created by curvaton decay and CDM after curvaton
decay (cyan dash-dot line), (7) both CDM and baryon number
created by curvaton decay (black solid line), (8) CDM created
before curvaton decay and baryon number by curvaton decay
(blue dotted line), (9) baryon number created before curvaton
decay and CDM by curvaton decay (red short dashed line).
at r ∼ Rb and r ∼ Rc are when compensating baryon
and CDM isocurvature modes are created before and by
curvaton decay, giving a total effective isocurvature per-
turbation close to zero.
The amount of non-Gaussianity in the CMB is depen-
dent on r with the conventional governing parameter [19]
fnl ≈
5
4r
(28)
assuming fnl ≫ 1. Using this equation we can convert
the likelihood plots for r into those for fnl as is shown in
Fig. 4. The values near fnl ∼ 1 should not be taken too
seriously as there will be additional second order non-
Gaussian contributions from fields other than the curva-
ton. The current one year WMAP data has fnl < 134
(95%) and is predicted to reach fnl < 80 (95%) with
the four year WMAP data [63]. So if WMAP eventually
detects non-Gaussianity it will rule out all the models
considered here. The Planck satellite is predicted to ul-
timately be able to detect fnl & 5 [64]. If this is realized
Planck will be able to distinguish between the case where
the CDM is created before curvaton decay and the baryon
number by curvaton decay and the other possibilities.
FIG. 4: Plots of the un-normalized posterior probability dis-
tribution for the amount of non-Gaussianity, fnl. The line
styles are the same as in Fig. 3.
IV. CONCLUSIONS
The curvaton model provides a simple scenario that
can give rise to correlated adiabatic and isocurvature
modes of similar size. The current data do not favor
a large isocurvature contribution, but a significant am-
plitude is still allowed.
We point out that the CDM and baryon isocurvature
modes differ only by the addition of an observationally
null mode in which the two perturbations compensate.
The CDM isocurvature mode can therefore be treated
as a scaled baryon isocurvature mode. A simple ana-
lytical approximation for the effect of mixtures of large
scale isocurvature and adiabatic perturbations on the
CMB temperature anisotropy was given. Numerically,
we found that the data was consistent at the two sigma
level with the presence of an effective correlated baryon
isocurvature perturbation of about 50% the magnitude of
the adiabatic perturbation. The individual baryon and
CDM isocurvature modes can be even larger if they com-
pensate each other. Models in which either the baryon
number or CDM was created before the curvaton dom-
inated the energy density are ruled out unless counter-
balanced by the other species being created by the cur-
vaton decay. The levels of non-Gaussianity expected for
the various scenarios were evaluated and in the case of
the CDM being created before the curvaton decayed and
the baryon number by the curvaton decay, could be high
enough to detectable by the Planck satellite.
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APPENDIX A: COVARIANT PERTURBATION
EQUATIONS
The covariant approach to cosmological perturbation
theory gives a set of gauge invariant equations in which
all the terms are covariant and have a physical interpre-
tation [65, 66]. The quantities can be calculated in any
frame (labelled by a 4-velocity ua) and the equations re-
main the same. Individual quantities measuring a par-
ticular perturbation do in general depend on what frame
ua is used to calculate them, so when talking about (for
example) a density perturbation it is important to make
clear what frame one is referring to.
The spatial gradient of the 3-Ricci scalar (3)R van-
ishes in a homogeneous universe, and ηa =
1
2SDa
(3)R is
a natural covariant measure of the scalar curvature per-
turbation in some frame with 4-velocity ua. Here S is
the scale factor and Da is the spatial covariant derivative
orthogonal to ua (we use the signature where uau
a = 1).
Other covariant quantities useful for studying perturba-
tions are defined in [62, 66], along with derivations of the
equations of General Relativity that relate them. Here
we only consider scalar modes at linear order in a spa-
tially flat universe6, and perform a harmonic expansion
as described in [66], leaving the k-dependence of scalar
quantities implicit. For example we describe the curva-
ture perturbation by the scalar harmonic coefficient η.
Frame invariant quantities can be constructed from
combinations of covariant quantities that depend on the
choice of frame ua. These often have an interpretation
in terms of the value of a particular quantity in some
specified frame. In particular
Φ ≡
1
2
η +
Hσ
k
, (A1)
where σ is the scalar shear and H = 3S∇aua is the con-
formal Hubble parameter, is proportional to the curva-
ture perturbation in the zero shear frame (the Newtonian
gauge). The acceleration A in the zero shear frame
Ψ ≡ −A+ (σ′ +Hσ)/k (A2)
6 The equations given here generalize trivially to a non-flat uni-
verse by the substitution η → η/(1 − 3K/k2).
defines a second frame invariant quantity, which is related
to Φ by
Φ + Ψ = −
κS2Π
k2
(A3)
where Π is the anisotropic stress. The Weyl tensor is the
part of the Riemann tensor which is not determined by
the local stress-energy, and defines a frame independent
scalar potential7 φ [66] which is related to the above via
φ =
1
2
(Ψ− Φ). (A4)
We define a frame invariant curvature perturbation
ζ ≡
η
2
−
Hδρ
ρ′
, (A5)
proportional to the curvature perturbation in the uniform
density frame. Here δρ =
∑
i δρi =
∑
i ρi∆i is the total
density perturbation. This is related to the comoving
curvature perturbation
χ ≡ −
η
2
+
Hq
k(ρ+ p)
= −
[
Φ +
2
3
H−1Φ′ −Ψ
1 + w
]
. (A6)
by χ = −ζ − Hδ¯ρ/ρ′, where δ¯ρ is the comoving density
perturbation and q =
∑
i(ρi + pi)vi is the total heat flux
and vi are the velocities. The Poisson equation relates
the density and potential via k2Φ = 12κS
2δ¯ρ. It follows
that for adiabatic modes where χ is non-zero initially
χ ≈ −ζ on large scales.
A local scale factor S can be defined (up to an initial
value) by integrating the local expansion rate H, and
the quantity ha ≡ DaS = SDaS/S (scalar harmonic
coefficient h) provides a measure of the perturbation to
local volume elements. The derivative h′ with respect to
conformal time τ is unambiguously defined, and describes
the rate of change of local volume element perturbations.
In the frame in which h′ is zero fractional perturbations in
number densities of conserved species remain constant if
there are no matter flows. The evolution of the curvature
perturbation is given by
η′ = 2h′ −
2
3
kσ (A7)
so on large scales the h′ = 0 frame coincides with the
η′ = 0 frame. Thus η is conserved on large scales in
the frame in which number density perturbation fractions
are constant [19]. This result is purely a result of linear
torsionless spacetime geometry.
The time evolution of the local scale factor pertur-
bation sources growth of density perturbations of unin-
teracting conserved species via the energy conservation
equation
δρ′i+3H(δρi+ δpi)+ k(ρi+ pi)vi = −3h
′(ρi+ pi), (A8)
7 The Φ of Ref. [66] has a different sign convention where Φ ≡ −φ.
8where δpi is the pressure perturbation. The h
′ = 0 frame
therefore coincides with the δρi = 0 frame on large scales
if δpi = 0 in the δρi = 0 frame. For a particular species
one can define the curvature perturbation in the frame
in which its density is unperturbed
ζi ≡
η
2
−
Hδρi
ρ′i
, (A9)
where in the absence of energy transfer ρ′i = −3H(ρi+pi).
The evolution equation that follows from Eqs. (A8) and
(A7) is [58]
ζ′i = −
H
ρi + pi
[
δpi −
p′
ρ′
δρi
]
−
kVi
3
, (A10)
where Vi ≡ vi + σ is the Newtonian gauge velocity. If
there is an equation of state pi = pi(ρi) the first term
on the right hand side is zero, and the ζi are therefore
constant on large scales where kτ ≪ 1. If the equation of
state parameter wi ≡ pi/ρi is constant this implies that
the fractional density perturbations in the unperturbed
curvature frame evolve as
∆ˆ′i = −k(1 + wi)Vi, (A11)
and hence the ∆ˆi are also conserved on large scales. The
curvature perturbation in the frame in which the total
energy is unperturbed is given from the ζi by Eq. (1). In
the frame in which the acceleration A = 0 (and hence ua
coincides with the CDM velocity) ηs = −η/2, h
′
s = 6h
′
where ηs and h
′
s are the synchronous gauge quantities
(e.g. see [67]).
APPENDIX B: ISOCURVATURE INITIAL
CONDITIONS
In the early radiation dominated era there are in
general five regular solutions to the perturbation equa-
tions [40], assuming there is only one distinct species of
cold dark matter. If there are several species of dark
matter the additional modes are unobservable without
measuring the distinct dark matter species directly. Per-
forming a series expansion in conformal time τ , the Fried-
man equation gives
S =
ΩmH
2
0
ω2
(
ωτ +
1
4
ω2τ2 +O(Kωτ3)
)
(B1)
where ω ≡ ΩmH0/
√
Ωγ + Ων with H0 the Hubble pa-
rameter today and Ωi the density today in units of the
critical density. At lowest order in the tight coupling
expansion, assuming the baryons and dark matter have
negligible pressure, the CDM isocurvature mode at early
times is
∆ˆc = 1−
1
72
Rc(4Rν − 15)ωk
2τ3
2Rν + 15
(B2)
∆ˆγ = ∆ˆν =
4
3
∆ˆb =
5
6
Rcωk
2τ3
2(Rν + 15)
(B3)
Vc =
1
24
Rc(4Rν − 15)ωkτ
2
2Rν + 15
(B4)
Vγ = Vν = Vb = −
15
8
Rcωkτ
2
2Rν + 15
(B5)
Ψ =
1
8
Rc(4Rν − 15)ωτ
2Rν + 15
(B6)
Φ =
1
8
Rc(4Rν + 15)ωτ
2Rν + 15
(B7)
where equalities apply at the given order in τ . The
baryon isocurvature mode is given by subtracting the
observationally null mode ∆ˆc = −Rb∆ˆb/Rc from the
above solution. Series solutions for the adiabatic and
isocurvature modes to any order are easily computed
using computer algebra packages, for a Maple deriva-
tion of the solutions in the zero acceleration frame see
http://camb.info/theory.html. The above solution
was calculated by constructing the frame invariant quan-
tities above from the quantities in the zero acceleration
frame.
The ∆ˆi are constant to order (kτ)
2. However the low-
est order terms in the velocities are of order (ωτ)(kτ),
demonstrating explicitly that the assumption that Vi =
const×kτ +O((kτ)2) in [39] is incorrect for isocurvature
modes.
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